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Abstract

A rational function can always be integrated, that is, the integral of such a function is always an elementary function. The
integration procedure is complex and consists of four steps: elimination of the common zero-points of the numerator and
denominator, reduction to a true rational function, decomposition into partial fractions and integration of the obtained expressions
using direct integration, substitution method or partial integration method. Integrating rational functions is important because
integrals of rational functions of trigonometric functions as well as integrals of some irrational functions are reduced to integrals of
rational functions by appropriate transformations.
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1. INTRODUCTION and is dedicated to the topic "Integration of

Rational Fractions". It considers those cases and

The tasks of teaching higher mathematics are to  methods that cannot be considered in their entirety
demonstrate to students the operation of the laws of  in the classroom.

materialistic dialectics, the essence of the scientific Integration of rational fractions. Expression of

Pm(x)

approach, the specifics of mathematics and its role  the form 5% where Pm(x) and On(x) polynomials m-

in the realization of scientific and technological th and n-th degree, is called a rational fraction. A
progress, using examples of mathematical concepts  rational fraction is called proper if m<n and
and methods. It is necessary to teach students the improper if m’n. The problem of integrating a
methods of research and solving mathematical rational fraction can be reduced to the problem
formalized tasks, to develop in students the ability integration of a proper rational fraction, since any
to analyze the obtained results, to inculcate in them  improper rational fraction can be represented by
the skills of independent study of literature on division by a column in as the sum of a polynomial
mathematics and its application. and a proper rational fraction. We recite some
Every rational fraction is integrated into research papers and books [1]-[7] for the right
elementary functions, but studying the general direction of integration of rational functions and its
integration algorithm and alternative approaches is  applications.
quite a difficult task. From lectures and seminars, it
is impossible to sufficiently consider all the details, 2. REPRESENTATION OF A RATIONAL
then the main part of the material is usually FUNCTIONS AS A SUM OF POLYNOMIALS
discussed in the classroom, and the rest is given to
students for independent study. This paper was Those who say that trigonometry is not needed in
created within the educational and methodological real life are not needed on the road. So, what are its
complex of the discipline "Mathematical Analysis" common applied tasks? Measure the distance
between inaccessible objects. The triangle

Publisher’s Note: . . . .
Pandawa Institute stays neutral with regard to jurisdictional ~ technique is of great importance, which enables the

claims in published maps and institutional affiliations. measurement of distances to nearby stars in
astronomy, between benchmarks in geography,
@ ® control satellite navigation systems. The use of
trigonometric techniques should also be noted, such
Copyright: as navigation techniques, music theory, acoustics,
© 2023 by the author(s). optics, financial market analysis, -electronics,

Licensee Pandawa Institute, Metro, Indonesia. This article is an pr obability theo ry, statistics, biology, medicine

open access article distributed under the terms and conditions | d d d h
of the Creative Commons Attribution (CC BY) license (https:// (ultrasoun an compute tomography),

creativecommons.org/licenses/by/4.0/). pharmacology, chemistry, number theory (and, as a

58 @ PANDAWA

INSTITUTE


https://doi.org/10.47352/jmans.2774-3047.186
https://crossmark.crossref.org/dialog/?doi=10.47352/jmans.2774-3047.186&domain=pdf&date_stamp=2022-08-18
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

J. Multidiscip. Appl. Nat. Sci.

result, cryptology, seismology, meteorology,
oceanology, cartography, many parts of physics,
topography and geodesy, architecture, phonetics,
economics, electronic equipment, mechanical
engineering, computer graphics, crystallography
etc.

A rational function is a ratio of polynomials
where the polynomial in the denominator should
not be equal to zero. Doesn't that look like the
definition of a rational number (which is of the
form p/k, where k = 0)?

Polynomial functions play an important role in
mathematics. They are generally simple to compute
(requiring only calculations that can be performed
manually) and can be used to model many real-
world phenomena. fact, scientists and
mathematicians often simplify
mathematical models by substituting a polynomial
model that is "close enough" for their purposes.

In
complex

Let it be r@=?rational function. If , itis n=m
i.e. not a real rational function, then by division
B with e.»,f can be represented as a sum of
polynomials and real rational functions in the form

R(x)
Qm(x)

fl)=P0)+

Pn(2)
Om (%)

Let's say it isre=:2true rational function (» <m)
Then it candd be decomposed into a sum of partial

fractions of the form

Ax+B
(x2+bx+c)®

(x_‘;a}k that is

where the first type of fraction comes from real,
and the second from the type of complex zero-
points of polynomials in the denominator of the
function f. Therefore, the problem is reduced to
solving the integral of the form

J' Ax+B x
(x2+bxte)®

4 and
- dx

I

where A and B are some real constants, is a
natural number, and is a quadratic trinomial
x% + bx + ¢ has complex-conjugate zero-points.

Integrals of the form f(xfﬁ dx

1. Ifitis , _ ,, he gives

2.If it is

A dx =Aln|lx —a|l +C-
(x—a)

k-1, then by changing the variable

a—t— e ar WEhave it

A
J’mdx:

+1
—k+1 +C

{Z;QZt}:AJt*dr:Ark

A
=dr = oo T

3. REDUCTION TO TRUE RATIONAL
FUNCTION

A rational function is a true rational function if
the degree of the numerator is less than the degree
of the denominator. If the degree of the numerator
is greater than or equal to the degree of the
denominator, we can divide the polynomials, so we
have

p(x)

r(x)
s(x) + o]

o

where 7 and s are polynomials. The polynomial
is the remainder when dividing, and the degree of r
is 15 (x) dx less than the power of ¢. Of course, it
is solved by direct integration, so we can conclude
the following:

Integrating rational functions is reduced to
integrating real rational functions of the form

e
0=

where p and ¢ have no common zero-points and
the degree of p is less than the degree of ¢.

Example: Dividing a polynomial give

x¥ +x 2x
x-1 X+ x%-1
o . *31x 2x
50, itis [E gy = [ (x4 25 dx
2x xZ a putting (x> -1 =t
:jxdx+fﬂ_1dx=';+173p g{hdx:ﬂ}

x? x?
=45+mm+cz—5+mu27u+c

4. INTEGRATION BY PARTIAL FRACTIONS

Integration by partial fractions is a method used
to decompose and then integrate a rational fraction
that has complex terms in the denominator. By
using a partial fraction, we calculate and decompose
the expression into simpler terms so that we can
easily calculate or integrate the resulting
expression.

The basic idea in integration by partial fractions
is to factor the denominator and then factor them
into two different fractions where the denominators
are the factors and the numerator is calculated
accordingly. Let's learn more about the different

forms used in integration by pardtial fractions, as
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well as the different methods.
4.1. We Decompose The Sub Integral Function into
Partial Fractions

x—3

x3—x

Tx(x?-1)

x—3 7A B C
x(x—Dx+1) x x—1 x+1

Using the polynomial similarity method, we get
that A=3,B=-1,C=-2

x—3
Ja=dx 7fx(x—1)(x+1)dx7j|7;_T_m dx
3
—j;dx—f;d —jmdx
=3In|x|—-In]x — 1| —2In|x + 1| +C

X3

G—Da+0| T E

=In

of the form [z omm;*. We have

already solved integrals of this form using the shift
method

Integrals

Ab
Av+B _ ﬂ(2x+b)+(3—7)
| mmms =l —mma ™
(x?+bx+c) ax®+bx+c
Zx+b

A Ab dx
;—fzidﬂr(g __)'fzi
27 ax“+bx+c 2 ax<+bx+c

j (ax? +bx+c)
- ax2+bx+c

Where in [ — S —d
=1Inlax? + bx + c|+ C and

j dx _ dx tt —te— » JE:
2ibxdc b uttin e
e (x+2)2+(c e p g dx =dt
2 = retgrt 40 =2 aretgr it C
) EeE T ey TT e T
Jeaz Je T
Ax+B

Integrals of the form [ oz wherein

B
+bx+c) s
k=20 —4c <0 Let's perform the transformation of

the sub integral function

f Ax+B _ J.A(2x+h)+(ﬁ'—%b)
(x24+bx+e)k (x2 +bx+o)k

Ab) dx
T2 'f(x2+bx +o)F

We can solve the first integral by shifting,
where's he from ax*+bx+c=t,
(2x + b)dx = dt

2x+b

A
:Ej(x2+bx +c)kdx+(8

So, we get

, Ax+B dt 1 c
N e Fa e
T (1—k)(x2+ bx + )k L +
Let's denote the second integral by

dx .
I, = fm and perform the transformation

dx _J dx
(ax? + bx + )k 2

)

Introducmg a shift x -I-— = t,dx = dt
label »— 4_ — ]2

and
and Ik we get
ax
Iy = J 2112
By combining the variable change method and
partial integration, after a series of relations, a
recursive formula for calculating the integral is

obtained, which we will not derive here, but give it
in its finished form

L t L 2k-3 dt
T2l —D)(2+ 1) T 212(k—1) ) 2+ 12)RT
I—f a1 regx L c et
T esr T Y

Example: Let's calculate the integral | m

How it is p=2 and g=3,it 1S
p? —4qg=-8<0 , so the denominator has no real

zero-points. Let's transform the integral

1

S [ XL gy [2ERRACLD

I _j(x2+2x+35)2 - j (x242x42)2 dx
1 242 dx

- EJ (x2+2x+3)2dX -2 (2 +2x+3c)?
o= 2x42 dx*{ x242x+3c=t }
07 ) Fraxsze? T T (x2 + 2x + 3ec)dx = (2x + 2)dx = dt

dt 1

=JE =t C= s+ C
I__[ dx __[ dx _{X-l—l—t}

E (ax?+bx+¢)? - [(x+1)2+4(3-1)12 - dx = dt

ot
T [t2+2]2

By substituting into the recurrent formula, we
get

L t N 2-2-3 dt
2722212+ T 2-22-1) ) (12 42)21
—
‘(2—1:1
dt 1 t
where I =[5 = arctg; +C
o, . t 1 t
SO, 1t 18 12 =m+1 = arctg ?+C ={t=x+1}
x+1 1 xX+1
T 4(x%+2x+3) ti: 42 arctg —&= vz +C

So, it is the final solution

f x—1 11 9]
(x2+2x+3c)2 2 2
x+1 1

x+1
aretg —— +C

x2+2x+3c N

Jr4()(2 +2x+3) 4(
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_ x+2 v 1 . x+1+c
Tal+2x+3) 4z Y

5. CONTRIBUTION TO THE INTEGRATION
OF RATIONAL FUNCTIONS

Mathematical thinking and reasoning are the
main goal of mathematics education. It is known
from research that tasks involving problem solving,
modelling and argumentation provide excellent
opportunities to realize students' mathematical
thinking [8]. Many topics in secondary education
are already taught through tasks of this type (e.g.
elementary  algebra, exponential functions).
However, there are still topics that are traditionally
taught formally and mechanically, which makes it
difficult for students to think and communicate in a
conceptual sense. This is the case for the integral
concept, which was introduced in most European
countries in the last two years of secondary
education and taught in a procedural way.

The integration of rational functions involves a
number of cases that require different procedures.
These procedures are based on operations such as
calculating derivatives, dividing polynomials,
factoring, and solving equations; everything is
applied in order to decompose to the original
integral in simpler cases that can be approached
using already known techniques.

To find the rational part, we first need to know
about square-free factorization. An important result
in algebra is that every polynomial with rational
coefficients can be uniquely factored into
irreducible polynomials with rational coefficients,
up to multiplication by a nonzero constant and
rearrangement of factors, just as every integer can
be uniquely factored into prime up to multiples of 1
and -1 and redistribution of factors (technically, it is
with coefficients from the unique domain of
factorization, for which rationales are a special
case, up to the multiplication of unity, which for
rationales is every constant except zero).

To integrate the corresponding rational function,
we can apply the method of partial fractions. This
method allows converting the integral of a
complicated rational function into a sum of
integrals of simpler functions. The denominators of
partial fractions can contain unrepeated linear
factors, repeated linear factors, unrepeated

irreducible  quadratic factors, and repeated

irreducible quadratic factors.
6. CONCLUSION

The integration of rational functions includes a
variety of cases requiring different procedures.
These procedures are based on operations such as
derivative calculation, division of polynomials,
factorization and resolution of equations; all applied
in order to decompose to the original integral in
simpler cases that can be approached using the
techniques already known.
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